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SUMMARY

Turbulent mixing of a single jet, twin jets, triple jets and multiple jets is synthetically analysed in this paper.
Chung’s kinetic theory of turbulence and a modified Green’s function are employed to solve this problem.
The probability density function of fluid elements in the velocity space of multiple plane jets and the
corresponding turbulence correlations are revealed in this analysis. The calculated results are found to be in
good agreement with the available experimental data. The internal physical structure of the turbulent mixing
mechanism seems better understood via the kinetic theory approach. The present study provides the
fundamentals for theoretical understanding of multiple-jet turbulent mixing and further application to
multiple-jet turbulent combustion analysis.
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INTRODUCTION

In some gas burners the gas stream is subdivided into a number of single jets. The gas stream
emerges from the various parallel jets. Depending on the distance between the single openings,
more or less interaction between jets takes place. The mutual interaction of multiple-jet flow is
very complicated. The flame length and flame width of gas burners are affected by the mutual
interaction of multiple jets. Therefore study of the multiple-jet turbulent mixing problem is very
important from a practical viewpoint. Analysis of a single plane jet via kinetic theory is the basic
observation of multiple jets through a statistical approach.! Studies of twin plane jets? provide
some basic understanding of the mutual interaction of multiple jets. The objectives of Reference 2
were limited to studies of twin-jet flow fields; the mutual interaction of multiple jets (n > 3) was not
considered. The present paper is mainly concerned with the five-parallel-jet turbulent mixing
problem via a kinetic theory approach. In order to complete the synthetic analysis of multiple jets,
some results of single- and twin-jet flow are deduced from References 1, 2 and 39.

Several approaches to turbulence modelling descriptions have been proposed in recent years.
Most of them have been developed from the concept of gradient-type transport. The present work
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is an alternative approach to turbulence modelling which seeks a probability density function
(PDF) to characterize the stochastic characteristics of fluid elements in the velocity space. It is a
kinetic theory approach. Since 1967 there have been a number of turbulent kinetic theories
proposed.®~1® A Langevin model appropriate to constant-property turbulent flows was de-
veloped from the general equation for the fluid particle velocity increment proposed by Pope.!!
The objective of Pope’s work was to determine the form of a second-order tensor appearing in the
general model equation as a function of local mean quantities. A modelled transport equation for
the joint probability density function (JPDF) of the velocities and a scalar has been solved
numerically for four self-similar turbulent free shear flows.® In this context, modifications to the
Langevin equation have been made both to the deterministic term and to the form of the random
term.!2-13 These theories were limited to studies of flow without chemical reaction. A more
general kinetic theory of turbulence for chemically reacting flows was developed by Chung.!4~2!
Chung’s equation was solved by Hong??2 using Green’s function to directly integrate the equation
for the PDF. This method was successfully modified for free shear layer mixing and combustion
problems.!:2* In the modified Green’s function method the authors actually solved an in-
stantaneous mixing problem to simulate the steady state phenomenon. These previous studies!*23
demonstrated the inherent advantages of the Green’s function method for solving Chung’s kinetic
turbulence equations. Thus the present investigations of multiple plane jets using the Green’s
function method for construction of the PDF are warranted.

Early experimental work on multiple jets was done by Corrisin,>* who studied the flow from a
seven-parallel-slot nozzle. Laurence and Benninghoff?>® studied the flow emanating from four
rectangular lobes. The gross characteristics of the flow field emanating from rectangular lobes in a
line was reported by Marsters.?® The flow emanating from a series of closely spaced holes in a line
was studied experimentally by Knystautas.?” Overall acrodynamic studies were made by Aiken?®
on an ejector with multiple rectangular lobes with various spacing-to-width ratios and nozzle
dimensions. All these investigations were limited to measurements of lower-order mean quantities.
Krothapalli?®' 3° made an experimental study of a rectangular jet in a multiple-jet configuration.
In order to study the structure of the multiple jets, he also measured the Reynolds stress. In the
present analysis, Krothapalli’s experimental data have been used as a comparison for our
calculated results.

THEORETICAL MODEL

Kinetic equation and Green’s function

The kinetic theory approach utilizes the probability density function (PDF) to describe the
turbulent field. The definition of the PDF for a fluctuating turbulent velocity field is analogous to
that for molecular velocity. The description of the engineering interest flow is based on the
probability density function f(z, X, u) in the present analysis. From the definition of the PDF, fdu
represents the probability of finding a fluid element at time ¢ in location x with its instantaneous
velocities in the range between u and u+ du. If the fluid element has a concentration of a scalar
quantity c(z, x, u), then the PDF of this scalar is F(t, x, w)=c(t, X, w) x f(t, x, u).** The derivation of
the governing equation for F(t, x, u) is analogous to that of the Boltzmann equation in the kinetic
theory of gases. The derivation of the governing equation for F as applied to multiple-jet mixing
can be found elsewhere.!422:31:32 The governing equation for F can be written as

oF oF O*F

R 3,0,

B—a—(uj—<uj))F+%E + of, 1)

ou;



MULTIPLE-PLANE-JET TURBULENT MIXING 85

where
B=B,+8, F=fc, Fi=fc;, LF;=fZ¢;=f.

In the present analysis we consider that there is no chemical reaction, so ¢=1 and w=0.
Equation (1) then can be written as

of of | of &
ot Py g =T g @

where
k;= Blu;», 4, =3B, E.
Hong?? obtained the Green’s function of equation (2) as
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G(X, u, t/xo, Uy, t0)=

2

Ao+ ) Tt ) / (2(AC—BZ)>>, )
where
Aizf g, a(§)dé, BE—2f q:b(&)d¢, CEZJ g, ¢()d¢, 4
with
a=e?#, b=%cﬁ‘, c=%.

Simulation of the flow field

We consider that five turbulent streams of the same mean velocities and turbulence energies are
initially separated by five infinitely long thin films (see Figure 2(a)). At t=t,, these thin films are
suddenly removed and the five streams begin to mix, as shown in Figure 2(a). This instantaneous
mixing phenomenon will be used to simulate the steady state of the five jet mixing problem.’-
Assume that an observer begins to move at t =1, along the x-axis with velocity Uy, as shown in
Figure 2(b). Then the observer will see velocity profiles and other momentum quantities similar to
those appearing in Figure 1 for the steady state of five-jet flow. In this simulation the x-axis in the
steady state of the five-jet problem may be considered equivalent to Uyt in the instantaneous
mixing problem. This simulation will be justified by subsequently comparing the calculated results
with the experimental data of Spencer®® and with Lee and Harsha’s®* data. In order to study the
turbulent mixing flow for various muitiple jets, the individual jets of the five-jet flow are closed
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Figure 2. (a) Instantaneous mixing mean velocity profiles observed at fixed X. (b) Mean velocity profiles observed when
moving with velocity Uy

sequentially. The turbulent mixing of a single jet, twin jets, triple jets and multiple jets has been
synthetically analysed in this manner.
Source conditions and constructed solution

The obtained Green’s function?? is considered as the instantaneous point source solution of
equation (1). In order to utilize this Green’s function to construct the PDF, the source conditions
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have to be specified according to the given physical problem. Assume that for ¢ < ¢, the five streams
are homogeneous and their PDFs are Gaussian with respect to their own mean velocities U; and
mean turbulent energies E,;. The ambient fluid is also assumed to be homogeneous and its PDF
Gaussian with respect to its own mean velocity U, and turbulent energy E,,. Then the source
condition can be written as

1 (uo—ﬁw)2+v%+w3)
So1 =5—<5expl — , )]
Y SY<Y2 Y3 <Y<y, Vs <Y,
Y20 €Y< V1ps Yap <Y< Yaps y<ysp, x<0,
(uo—U-)2+v%+w%> .
Soi= ex 2 , i=2-6, )
0 (%“Em)s/z p( %EOi
lyI<D/2, V2 <Y<y, VaSY<Ys,
VapSY<Y2ps Vsp <Y< Yaps x<0,

where u,, vy, and w, are the source’s instantaneous velocities in the x-, y- and z-directions
respectively. According to the above source conditions, the PDF is constructed as follows:33

4D y2D
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The above integration is very tedious.>* From the constructed PDF, the ensemble average <Q)
can be obtained as

@[ rou ®

Let Q=u;, u%, ujuj, u;*u}; then we can obtain the corresponding relations of first-, second- and
third-order turbulence correlations. These integrations are also very tedious.3® Also, by definition,

fw= f ) f " favaw,  f)= f ) f " fdudw, ©)
f(u, v)=fw Sdw. (10)
From the previous analysis and simulation, the X-co-ordinate is expressed as!
X=J:)[7M(t)dt=C2(D/X)th. (11)
According to the literature, 4 3¢
B, =EY2/2A, (12)

Br=A'v/2%, (13)
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where A is the characteristic length scale of the turbulence field,  is the dissipative length scale, v is
the kinematic viscosity and A’ is a constant of order unity. By introducing the turbulence Reynolds

number
Re,=EY2A)v, (14
B’ can be written in terms of §,, using equations (13) and (14), as
p*=b'g,, (15)
Table I. The parameter C, for different numbers of jets
n=1, R=0
X/D\n 0000 0025 0050  0-075 0100 0125 0150 0175 0200 0225
5 0055 0055 0048 0045 0044 0037 0025 0016 0010 0010
30 (over) 0035 0036 0036 0036 0033 0030 0025 0019 0015 0010
n=1, R=016
5 0040 0042 0043 0-045 0042 0035 0023 0015 0010 0010
30(over) 0027 0028 0031 0-033 0-032 0-032 0025 0017 0015 0010
n=2,8§=2,R=0
X/D\Y/D 0000 0250 0500 0750 1000 1250 1500 1750 2000 3000
5 0010 0032 0050 0065 0060 0054 0048 0035 0020 0010
20 (over) 0050 0052 0050 0045 0040 0032 0028 0020 0015 0010
n=2,§=2 R=03 ‘
5 0010  0-028 0-045 0050 0045 0-048 0042 0030 0015 0010
20 (over) 0040 0-042 0040  0-038 0035 0030 0028 0025 0-021 0010
n=2,8§=11,R=0
X/D\Y/D 0 2 4 6 8 10 12 14
15 0010 0016 0032 0040 0038 0030 0020 0010
70 (over) 0038 0040 0041 0038 0030 0025 0015 0010
n=2,§=11, R=03
15 0010 0012 0028 (0032 0028 0025 0020 0010
70 (over) 0032 0035 0035 0032 0025 0020 0015 0010
n=3,§=8, R=0
X/D\Y/D 0 1 2 3 4 6 8 10 18
15 0088 0078 0070 0055 0010 0045 0078 0062 0020
60 (over) 0048 0050 0050 0045 0040 0038 0035 0020 0010
n=3,§=8, R=03
15 0072 0060 0055 0040 0010 0032 0062 0048 0-015
60 (over) 0045 0048 0048 0042 0036 0035 0028 0020 0010
n=5,§=8 R=0
X/D\Y/D 0 2 4 8 10 14 18 22 26
15 0080 0064 0010 0070 0055 0015 0050 0012 0010
80 (over) 0040 0042 0042 0035 0025 0015 0012 0010 0010
n=5,§=8 R=03
15 0065 0050 0010 0055 0040 0011 0040 0010 0010
80 (over) 0038 0040 0041 0032 0022 0012 0010 0010 0010
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where
b =2(A/A)?*/Re,. (16)

According to the previous experimental results,33 34 the mixing layer thickness in the flow field is
approximately a linear function of X, i.e.

A=C} X, 17
where C/ is a constant. From equations (11), (12) and (17), 8, can be written as
E 1/2
e — ] 1
b C,C,(D/X)U,° (18)

where C; =2C) and C, = C,(D/X). The constants C, and b’ are characteristic properties of the
turbulence field. Finally, the values of the parameters b’ = 0-1 and C, are chosen as listed in
Table I. Both constants C; and & have been determined; hence equation (8) is described
completely.

Processes of calculation

The ensemble averages such as {u, > and {u,u; ) appearing in equation (2) are assumed to be
known. The equation is linear and the solution of f (PDF) is constructed via linear summation of
the weighted Green’s functions according to the given source conditions. In order to evaluate {u, >
and <uju; ) from equation (8) with Q =u, and u,u}, one must use an iterative scheme? for the
correct values of {u, > and {u,u; >. All order moments can be constructed from equation (8) when
both {u, > and <{u;u;> have been determined.

RESULTS AND DISCUSSION

Single jet

In order to compare the results with the available experimental data,” 38 two velocity ratios,
R=0 and 0-16, are chosen in the present analysis.

Mean velocity. The mean velocity profile in the fully developed region shows very good
agreement with Gutmark and Wygnanski’s®? experimental data, as shown in Figure 3. In the
present analysis the mean velocity profile U/ U, has only a small variation (near similarity) with
respect to the y-co-ordinate; this result is also seen in Gutmark and Wygnanski’s3” experimental
range of X/D from 65 to 118, as shown in Figure 3. The mean velocity profile in the y-direction is
shown in Figure 4; the calculated results are lower than the experimental data of Gutmark and
Wygnanski.3” We also find that the mean velocity in the y-direction has little influence on U, E
and the other calculated properties. The mean velocity profiles at a velocity ratio R=0-16 are in
good agreement with the experimental data of Bradbury,3® as shown in Figures 5 and 6.

Turbulence energy. The turbulence energy distributions at velocity ratios R=0 and 0-16 are
compared with Gutmark and Wygnanski’s®” and Bradbury’s®® experimental data in Figures 7
and 8 respectively. The calculated results in the central region are lower than the experimental
data; this may be due to the assumptions made in the present analysis, such as flow without a
pressure gradient, etc.

The highest turbulence energy is located in the region #=0:05-0-1; this can be interpreted in
terms of the development of turbulence energy in the transition region, as shown in Figure 9. As
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Figure 9. Turbulence energy development in transient region (R=0)

mentioned previously, the turbulent jet in the initial region can be considered as two half-jets and
the turbulence energy at n =0 is sharply increased after the potential core disappearance, as shown
in Figure 9.

Probability density function (PDF). In the present calculations the standard deviation o is used
as the unit on the horizontal axis. The PDFs of the velocity in the y-direction are shown in
Figures 10(a) and 10(b); these functions are close to Gaussian distributions because the velocity in
the y-direction is smaller than the velocity in the x-direction. The PDF of ' has two peaks, as
shown in Figure 10(c). This phenomenon signifies that the fluid element is influenced by two
different eddies from different streams, each still retaining its original characteristic (memory).
These characteristics will gradually disappear as it moves towards the outer edge from the
centreline, as shown in Figures 10(d) and 10(e). The variation of the joint probability density
function (JPDF) along the y-axis indicates turbulent mixing phenomena in the velocity space; two
examples are shown in Figures 11(a) and 11(b). At #=0-05 the JPDF deviates from a Gaussian
distribution because its corresponding turbulence correlations are strong.

Five jets
In order to utilize the experimental data of Krothapalli,>® we let the space of the jets be S=8D.

Mean velocity. The velocity distributions of the central jet in the x-direction are shown in
Figure 12. The calculated results are compared with the experimental data of Krothapalli*® and
show reasonably good agreement. According to Krothapalli’s®® data, mutual interactions among
the multiple jets have not occurred for the section X /D < 15, so this flow region is a single-jet type.
Downstream, the mean velocity in the x-direction gradually becomes flat owing to the mixing
between the central jet and the other jets in the region 15< X /D <60. In the region X /D> 60 the
mean velocity is homogeneous owing to the completed turbulent mixing. The mean velocity in the
y-direction is shown in Figure 13. From the concept of the continuity equation, we find that the
distribution of velocity is reasonable. In the present analysis we also find that the major
momentum is in the x-direction; hence the influence of ¥ on U and E is not important.
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Turbulence intensity. The turbulence intensity of the central jet along the centreline is shown in
Figure 14. The calculated resuits are compared with Krothapalli's*® data and show good
agreement. The largest turbulence intensity is at X/D=10, because the maximum velocity
difference is reached in this region.

Turbulence energy. The turbulence energy distributions in various regions are shown in
Figure 15. Again the calculated results show good agreement with the experimental data of
Krothapalli.3° The correlations of the flow field for X /D > 60 become weak and homogeneous, so
the turbulence energy is smaller.

PDF. For the PDF the standard deviation is taken as the cross-co-ordinate unit, i.c.
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Figure 14. Turbulence intensity distribution along the axial axis (n=5)
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Figure 15. Turbulence energy distribution (n=15)
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The distributions of (') are shown in Figures 16(a)-16(c). The PDF at X /D =20, Y/D =0, shown
in Figure 16(a), has two peaks, one arising from the negative u’ from low-velocity eddies and the
other arising from the positive «’ from local eddies. The characteristics of this PDF distribution
show that the local turbulence property results from the interaction between the two different eddy
characteristics. The interaction between different eddies plays an important role in the mixing and
growth of multiple jets. For the outer region at the same cross-section, the PDF distributions are
shown in Figure 16(d) (Y/D=2) and Figure 16(g)(Y/D=4). For Y/D =2 the PDF distribution
deviates further from Gaussian because the turbulence correlations of the multiple jets at this
location are strong. For Y/D =4 the PDF distribution approaches Gaussian because of the free
stream region. The PDF distributions at X /D =40 are shown in Figures 16(b), 16(c) and 16(h).
This is a B2 region, so the correlations between momentum fluctuations are stronger than at
X /D=20. The PDFs at X /D =60 are shown in Figures 16(c), 16(f) and 16(i). The distributions are
close to Gaussian because the turbulent mixing is gradual decaying and the turbulence field is
more homogeneous than in region B.

JPDF and turbulent transport. The distributions of the JPDF F(v/,v') at X /D =20 are shown in
Figures 17(a)-17(d). For Y/D =0 the distribution is symmetrical with respect to the axis o, =0
and the corresponding correlations of {u’'v’) are zero, as shown in Figures 17(a) and 18. For
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Y/D =1 and 2 the JPDFs deviate to the negative axes 6, and o, and the correlations of {u'v') are
strong and positive, as shown in Figures 17(b), 17(c) and 18. For Y/D =3 the JPDF distribution
approaches Gaussian, so the correlations of {u'v') are small, as shown in Figures 17(d) and 18.
The calculated results for the Reynolds stress at various sections are shown in Figure 18; they
compare very well with Krothapalli’s3® data. One can clearly understand the internal structure of
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Figure 18. Reynolds stress distribution (n=>5)

the Reynolds shear stress due to the corresponding distribution of the JPDF. Therefore the
Reynolds shear stress structure of transport phenomena are better described in velocity space via
the revealed JPDF in the transported direction.

One of the benefits of the kinetic theory of turbulence approach is that it can generate the
various order correlations without using the conventional eddy viscosities. The third-order
correlations of the turbulence energy transport terms, {w'?v’), are calculated as shown in
Figure 19. The turbulence energy transport in the region between centreline and free stream is
high because the eddy transport there is strong. At the centreline and in the free stream the
turbulence energy transport is close to zero because of the distribution of f(v') being close to
Gaussian. The calculation of third-order moments via conventional turbulence modelling is very
difficult and tedious. First one has to construct the moment equations for the third-order
correlations and then try to close the fourth-order moments and many other fluctuation gradient
correlations appearing in the equation. Numerous constants and transport coefficients will
emerge and many will require experiments to justify those undetermined constants. The present
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Figure 19. Turbulence energy transport (n=>5)
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kinetic theory of turbulence approach along with the modified Green’s function method seems
better justified in the sense of generating the moments, and the mixing mechanism seems to be
better understood via the revealed PDFs and JPDFs.

Synthetic analysis of various muitiple-plane-jet turbulent mixing

In order to utilize Krothapalli’s®® experimental data, we first analyse five-jet turbulent mixing,
Then the individual jets are closed sequentially and we perform the turbulent mixing analysis for
different numbers of jets (n=1-5). In order to compare the correlations among the various
numbers of jets (n=1-5), the parameters are chosen as X/D =30, §/D=8 and U,,,/U;=0.

PDF. The distributions of f(«') are shown in Figures 20(a)-20(h). For Y/D =2 the PDF of the
single jet (n= 1) approaches a Gaussian distribution because this region (X /D =30} is the fully
developed flow for a single jet. For Y/D = 10 the PDF distribution of twin jets is Gaussian because
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Figure 20. PDF (n=5)
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Figure 20 (Continued)

this location is the free stream for twin jets. The PDF distributions of multiple jets deviated from
Gaussian because they are located in the interaction region among the various multiple jets.

Mean velocity. The mean velocities in the x-direction are shown in Figures 21(a)-21(d). From
these calculated results the growth and decay phenomena of the momentum field among the
various numbers of jets are better described via the revealed mutual interactions among the jets.
This phenomenon can provide further understanding of the structure of multiple-jet mixing.

Turbulence energy. The turbulence energies are shown in Figure 22. The turbulence energies for
n=1and n=2 are similar. The turbulence energy distributions for n=3 and n=>5 are wavy owing
to the interaction of the second and third jets (symmetric to the axial axis).

Reynolds stress. The Reynolds stress distributions are shown in Figure 23. The distributions are
wavy because the interactions among the multiple jets make the PDF distributions deviate from
Gaussian.
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Figure 21. Mean velocity (n=1-5)
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Figure 24. Turbulence energy transport as a function of n

Turbulence energy transport. The turbulence energy transports are shown in Figure 24. There
are two and three peaks for n=3 and n=35 respectively because the local turbulence transport
property resulted from interaction of three and five different eddy characteristics.
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CONCLUSIONS

The real PDF of fluid elements in velocity space is revealed in the present analysis of multiple-jet
turbulent mixing via a kinetic theory approach and the Green’s function method. Since turbulent
mixing has to be treated statistically, the real internal dynamic behaviour of the multiple-jet flow
can be shown from the PDF of the fluid elements in velocity space. The mean flow quantities for
the turbulent mixing of single, twin, triple and five jets have been synthetically analysed and the
calculated results compare well with the available experimental data. For a single jet the turbulent
jet in the initial region can be considered as two half-jets. This phenomenon signifies that the fluid
element is affected by two different eddies from different streams, each still retaining its original
characteristic (memory). For five jets the flow characteristics are divided into three regions: (1) the
free jet region (X /D < 15); (2) the transition region (15 < X /D < 60); (3) the fully developed region
(X/D>60). The mixing mechanism and Reynolds stress of the transition region are better
described via the present corresponding revelaed JPDF. The higher-order correlations and
turbulent transport phenomena of the mutual interaction of multiple jets can be easily predicted
and explained (in contrast to the conventional phenomenological theory) in velocity space via the
revealed PDF. Studies of multiple plane jets will provide some basic understanding of the mutual
interaction of multiple jets and further application to the flame structure of gas burners, because
the flame structure is affected by the mutual interaction of multiple jets.

APPENDIX: NOMENCLATURE

width of jets o

turbulence energy (u'? + v'% + w'?)

probability density function

PDF of fluid element

fo source condition of PDF

[, f(v'), f(w) PDFs of fluctuation velocities in x-, y- and z-directions respectively
fw,v') joint PDF of fluctuation velocities in x- and y-directions
G Green’s functions

h width of single jet

MP merge point

n number of jets

S space of jets

source condition at x=0

time

velocity of jet at nozzle inlet

velocity of mixing centre

relative velocity (Uy — U,)

velocity of surroundings

instantaneous velocities in x-, y- and z-directions respectively
fluctuation velocities in x-, y- and z-directions respectively
mean velocities in x-, y- and z-directions respectively
co-ordinate of jet axis
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co-ordinate of y-axis
characteristic relaxation rate of energy-containing eddies
characteristics relaxation rate of microscale
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(8]

Ay

chemical reaction term
characteristic scale of energy-containing eddies

Subscripts and superscripts

<> ensemble average vector
0 free stream condition
0 source condition
i jet number
j tensor
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